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Abstract
A new, accurate and general formula for evaluating the skin friction parameter in a Magneto-Hydrodynamics (MHD) Falkner–
Skan flow over a permeable wall was obtained. The formula gives the value of the skin friction of the problem in an infinite
interval (0,∞) for all various values of the parameters involved. Shooting method via Runge–Kutta method for solving two-point
boundary value problem in a truncated interval (0, L) is used to compare the results obtained. It was observed that the percentage
difference between the two sets of results is very small.
c⃝ 2015 Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).
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1. Introduction
Magneto-hydrodynamics (MHD) is the study of the interaction of conducting fluid with electromagnetic phenom-
ena. The flow of an electrically conducting fluid in the presence of a magnetic field is of importance in various areas of
technology and engineering such as MHD power generation, MHD flow metres and MHD pumps [1,2]. In the recent
times, attempts on analytic and numerical methods of solving this type of problem have been made. This includes
Differential transform method (DTM), DTM pade, and Perturbation technique. Details of these methods can be found
in [1–3] respectively.
Hayat et al. [4] obtained analytical solution for MHD transient rotating flow of a second grade fluid in a porous
space. A study of heat transfer in MHD viscoelastic boundary layer flow over a stretching sheet with non uniform
heat source/sink was considered, details of this is in [5]. Oderinu and Aregbesola [6] considered the iterative shoot-
ing method for solving two point boundary value problem in an infinite domain, where a new method of finding the
initial guess in the shooting angle was discussed. The truncated length L and the initial guess can then be used in the
Shooting technique [7].
In this present paper, we intend to obtain a general formula for finding the skin friction in a MHD Falkner–Skan
flow over a permeable wall and, in addition use the results to estimate the value L for the various problems.
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2. Method of solution
2.1. Initial guess
Consider the MHD Falkner–Skan problem [2], which is given as
f ′′′ + f f ′′ + β(1− f ′2)− M2( f ′ − 1) = 0 (1)
f (0) = −c, f ′(0) = 0, f ′(∞) = 1 (2)
where f ′, f ′′ and f ′′′ are the derivatives of f with respect to η. Using the Weighted Residual method as in [6], the
initial trial function could be obtained by assuming
f0 = η + A + Be−pη. (3)
Now, imposing the boundary conditions on Eq. (3) and solving for A and B we have
f0 = η −

1
p
+ c

+ 1
p
e−pη. (4)
Eq. (4) satisfies the boundary conditions in (2). Substituting Eq. (4) into Eq. (1) we obtained a function of η denoted by
F(η) which will be minimised to as close to zero as possible. We multiply F(η) by e−pη and integrate from 0 →∞.
The interest now is to find the value of p for which ∞
0
e−pηF(η)dη = 0 (5)
where
F(η) = −p2e−pη +

η − c − p−1 + e
−pη
p

pe−pη + β

1− 1− e−pη2+ M2e−pη. (6)
The integration on the left hand side of Eq. (5) is the Laplace transform of F(η) where the value of p is obtained.
Evaluating the integral in Eq. (5) we have
−1/2 p + 1/12 p−1 − 1/2 c + 2/3 β
p
+ 1/2 M
2
p
= 0. (7)
Solving Eq. (7) for p, we have
p = −1/2 c + 1/6

9 c2 + 6+ 48β + 36 M2 (8)
and
p = −1/2 c − 1/6

9 c2 + 6+ 48β + 36 M2. (9)
For Eqs. (3) and (4) to hold p must be positive and so p in Eq. (8) is considered.
From the initial trial function in Eq. (4),
f ′′0 (0) = p. (10)
2.2. The truncated value of L
Consider Eq. (4) again f (0) = −c, f ′(0) = 0 and
f ′(∞) = 1− e−pη (11)
if η→∞ is truncated at L , then
f ′(L) = 1− e−pL ≈ f ′(∞) = 1 (12)
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that is
f ′(L) ≈ 1 (13)
which implies that
ϵ = e−pL ≈ 0. (14)
The value of ϵ is to be predetermined since we already know the value of p, we can then choose a value very close to
zero for the right hand side of Eq. (14) in order to calculate this L . That is taking
e−pL ≈ 0.00001
then we have
L = 11.51292546
p
. (15)
2.3. Shooting technique
The governing equations to be considered for the shooting technique are
f ′′′ + f f ′′ + β(1− f ′2)− M2( f ′ − 1) = 0 (16)
f (0) = −c, f ′(0) = 0, f ′(L) = 1. (17)
Applying the shooting method discussed in [7] and suppose that the solution of Eq. (1) depends on the parameters
η and α then
∂
∂α
f ′′′ = ∂
∂ f (− f f ′′− β(1− f ′2)+M2( f ′− 1)) ∂ f∂α + ∂∂ f ′ (− f f ′′− β(1− f ′2)+M2( f ′− 1)) ∂ f
′
∂α
+ ∂
∂ f ′′ (− f f ′′−
β(1− f ′2)M2( f ′ − 1)) ∂ f ′′
∂α
giving
∂
∂α
f ′′′ = − f ′′ ∂ f
∂α
+ (2β f ′ + M2)∂ f
′
∂α
− f ∂ f
′′
∂α
(18)
∂ f
∂α
(0) = 0, ∂ f
′
∂α
(0) = 0, ∂ f
′′
∂α
(0) = 1. (19)
Eq. (1) can also be expressed in the form
f ′′′ = − f f ′′ − β(1− f ′2)+ M2( f ′ − 1) (20)
f (0) = −c, f ′(0) = 0, f ′′(0) = αm (21)
where αm is a sequence of initial guess that can be updated by the Newton iterative formula as given in [7] with
α0 = p. For this problem it will be
αm+1 = αm − f
′(L , αm)− 1
∂ f ′
∂α
(L , αm)
, (22)
where L is the truncated value for infinity in the boundary condition, Eqs. (18)–(21) are reduced to systems of initial
value problems which are solved alongside with Eq. (22) using Runge–Kutta method of order 4 repeatedly until
lim
n→∞ f
′(L , αn) ≈ f ′(L) = 1.
The interval (0, L) is subdivided into step length h, such that L = Nh, where h = 0.005 and N = Lh .
3. Discussion of results
Various values of β, N , and c are presented. The value of the skin friction p obtained from the natural problem
in Eqs. (1) and (2) and the value of the skin friction f ′′(0) obtained from the truncated interval, with the percentage
difference are presented in Tables 1 and 2.
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Table 1
Showing the results of p, f ′′(0) and the percentage difference for β = 43 .
M c p f ′′(0) % diff
3 −1 3.8458099833 3.8588298374 0.33
3 15 3.2097499066 3.20774052637825 0.06
5 −1 5.714829282 5.72019791597526 0.094
5 15 5.0917669867 5.09086280662084 0.0177
10 −1 10.609126789 10.610547203 0.0133
10 15 9.9972493504 9.996989688115 0.00259
15 −1 15.57297065758 15.5736074702906 0.00408
15 15 14.965007283 14.9648873543895 0.000805
20 −1 20.5547860732 20.5551450783719 0.00174
20 15 19.948801571277 19.9487328738119 0.000344
Table 2
Showing the results of p, f ′′(0) and the percentage difference for β = −3.
M c p f ′′(0) % diff
3 −1 2.8273733406281 2.81262304588570 0.52
3 15 2.1752289262 2.17852707160177 0.15
5 −1 5.12781445897160 5.12366583148517 0.081
5 15 4.5018112376179 4.50277198455326 0.021
10 −1 10.3191988811036 10.3182316139957 0.00937
10 15 9.706970310277617 9.70717662742439 0.002125
15 −1 15.380076164679 15.3796490210091 0.00277
15 15 14.77200950331415 14.7720986797476 0.000604
20 −1 20.4102151336108 20.4099750874586 0.001176
20 15 19.8041871641789 19.8042369603205 0.0002515
The computational results of p for different values of β, M and c when compared with the one in Ref. [2] are in
good agreement. The obtained truncated length L in Eq. (15) was used to calculate the number of iterations for the
computations.
4. Conclusion
The two sets of Eqs. (1) and (2) for the natural problem and Eqs. (16) and (17) for the truncated interval were
considered. The general formula for obtaining the skin friction p was derived using the weighted residual method.
The value of p for any combination of the parameters M, c and β can be computed from the formula. The results from
the formula can serve as initial guess for the iterative methods for quick convergence. The formula provides a means
of estimating L , the truncated length.
On the other hand, the results obtained from the iterative method in this paper and those obtained using iterative
methods and other methods in the literature are in very close agreement with each other. It is also noted that the
approximated results obtained in the truncated interval were meant to serve for the natural problem, which is in itself
a different problem because of the boundary condition at infinity and that at L which is assumed to be the same. The
careful and accurate choice of L is responsible for the small differences in the results obtained from the formula and
those from the iterative methods. The skin friction (p) can be computed with a very simple arithmetic rather than
going through any lengthy and difficult iterative method.
It was also observed that the values of the skin friction obtained in the truncated interval has a direct link with the
choice of L . The smaller the values of L , the bigger the skin friction f ′′(0).
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